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Impossibility of calculating magnetic field change
from current disruption

V. M. Vasyliunas

Abstract: The picture of the substorm current wedge, formed by vizging the cross-tail current as reduced or disrupted
and thus diverted through the ionosphere, provides a cangpaemary of the magnetic field changes observed during
substorms. There has long been a tendency, however, to vieent disruption as an actual explanation, not just a
convenient representation, of the magnetic field changes search for some model by which first to predict the current
disruption and then, as a consequence, to calculate theatiadield dipolarization from the Biot-Savart integral ovee
reduced current. Formally, the time derivative of the maigrieeld can be expressed as the Biot-Savart integral owver th
time derivative of the current density, which in turn can ladécalated in principle by summing all the forces (weighted
by charge/mass) on all the charged particles. In the reguétkpression, the integrand includes an electric field term
which can be transformed (by means of an integration by yants curl E. Thus, the time derivative dB cannot be
calculated directly from the Biot-Savart integral becaase term in the integrand contains the time derivative fitseid

the contribution of that term is very large when the electrwertial length is small in comparison to the spatial scale

of the system; instead, the time derivativeBfmust be calculated by solving what is now an integral eqoatio the

limit of small electron inertial length, the solution redscto the curl of all the terms other th#) this is identical to

the method described by Vasyliunas [9, 10] for obtainimgtitme evolution ofB — determined directly by plasma
dynamics through the generalized Ohm'’s law and not by thegihg current (which cannot be calculated except as the
time derivative of curlB).
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1. Introduction within magnetohydrodynamics [1, 2, 6, 8], where the time

The notion that magnetic fields and their changes are to b%volunon ofB is taken as determined by Faraday’s law

understood by reference to electric currentsis deeplyingd 0B V% E )

in the thinking of many researchers on the magnetosphere. It — ¢

particular, the striking phenomenon known as dipolararatif  \yith £ given, in the simplest case, by the MHD (frozen-flux)
the magnetic field in the nightside magnetosphere, obsémved 55nroximation in terms of the plasma bulk flow. The undeni-
association with the substorm expansion, is widely iNE®E  apje importance of non-MHD effects in some aspects of the
as the formation and evolution of an (inferred) substorm curgpstorm process, however, has been invoked as an argument
rent wedge (e.g. [5]): the cross-tail current is reduced ave o, ignoring any MHD constraints.

limited local time sector by_ having part of the current flow |ntwo recent papers [9, 10], | have examined the time evolu-
down along magnetic field lines to the ionosphere, westwarg o and interrelationships &, J, andB on the basis of the ex-
across the ionosphere, and back up along the field Ilnes. Th&st fundamental equations and have shown that, provitisd
Process Is often referred to as an example of “current disrupcg|cylated from the full generalized Ohm’s law rather thast |
tion,” and much of the modeling under that label would seemp,e MHD approximation, the time evolution Bis determined

to be aimed at predicting the formatlon anq subs_eql_Jent eVO|Lby Faraday’s law (2), not by the time derivative of Ampere’s
tion of the current wedge, from which the dipolarizationtwét |5, (1) (which serves instead to determine the time evatutio

magnetic field could then be deduced. , ___of J from that ofB), and that this (nominally large-scale) ap-

A basic presumption of such an approach is that Ampere’$gach remains valid on space and time scales down to those
law of electron plasma oscillations, thus extending well bel/ide
J="vxB (1) range of MHD (generally considered no longer applicablesonc

4 scales as small as ion gyroperiod or ion inertial length gre a

(I use Gaussian units throughout) determines the magnetieroached); it is limited ultimately by the breakdown of ajr
field B given the current densit§, with the further implicit  quasineutrality, not of the frozen-flux approximation. Cem-
understanding that this holds for time variations as well: t ing current disruption, | summarized the conclusion of [§] a
determine the time evolution d8, one seeks first to specify follows: “The results in the present paper imply that anytsuc
the time evolution off. The contrary view, that Ampére’s law theoretical model of dipolarization, in terms of the cutras

determines] givenV x B, has long been a familiar concept the primary quantity, is not possiblen time scales appropri-

ate to substorm expansion, there is no equation from which

Received 24 May 2006. the t_ime evolution of the current could be (;alqulated, prior to
and independently of V x B. ...These limitations apply to any
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formation, etc. Over the wide range of time scales from electransformed into the corresponding equation for the tina-ev
tron plasma period to Alfvén wave travel time, there simplyution of the averaged (expressed in terms of average quantit-
is no way to calculate the changing currents except by takies and fluctuation correlations):

ing the curl of the changing magnetic fields; statements laboua<J> 2(n,) (V)

changes of current are not explanations but merely degmmipt 5 = Z {qa_‘l ((E) 41 ral g <B>)

of changes in the magnetic field.” t Mg ¢
2
4 o (<5na6E) 4 (J(naVa) 513)) (5)
2. Evolution of electric current MMa ¢ 53
da
Note that the above conclusion is a very specific one: within N m_av {#a) + qa<na>g} + <<§>CO”> :

the stated range of length and time scales, there is no usable L , .
equation from which one could calculate the time evolutibn o £9uation (5) is still exact (except for being non-relatiis
the currentindependently,i.e., other than fraiiot) v < B. 1t~ @nd in particular doesot presuppose any small-amplitude or
is thus absolutely pointless, for anyone who wants to qoesti duasilinear approximation (as long as the average momamts a
the conclusion, to talk about approaches or paradigms and fyoperly defined as moments of the averaged distributioe-fun
invoke general arguments such as those in the controversy [gon _[9])' _ . _ N .

7,8, 3, 4] on whether the magnetic field and the plasma flow or It is convenient to rewrite (5) in a simplified notation as

the electric current and the electric field are to be treasdtia NT)  wy?

primary variables; rather, the only effective counterangat  —,~ = - — ((E) — (E)) (6)

is to write down what one claims to be the usable independent . . '

equation fordJ /dt. where the effective electron plasma frequengys defined by
An independent equation fosJ /0t always exists, of course, 9 2 (ny)  4dmnee

in principle: with the current density obtained by summingt «p~ =47 Z My ~ e (7)

motions of all the charged particles, its time rate of change a
can be determined by summing the accelerations of all thgnd_<E*> represents the sum of all the terms on the right-
charged particles. In terms of velocity distribution fuoos,  hand side other thatE); this is purely a matter of notation
J is defined by and does not presuppose any restrictions.

J= an/ v vfa (v) (3) 3. Evolution of magnetic field

The following argument can be (and has been) made: regard-
where f,(v) is the velocity distribution function of charged less of any conclusions in [9] about orders of magnitude and
particles of species. The equation for time evolution of  small-scale fluctuations, equations (4) and (5) do reptesen
can then be calculated from the appropriate sum of velocityformally at least, the time evolution of the current denssty
moment equations (see, e.g., [9] and references therein) why can they not be used to calculate the time evolution of the

magnetic field? Equation (4) includes all space and timesscal

0J >n, Va (including those that may be considered too small to be of in-
ot Z {m—a (E + - = B) terest) and describes, strictly speaking, every indiviglzsma
oscillation, but if that is perceived as a problem, then trer-a
_Ga (V - ko) + qant g} T (5_3) (4) aged equation (5) can always be used instead. | consider now
Ma “ o 5t ) on the consequences of applying this seemingly straightfiatwa
procedure.

whereq,, mq, nq, Va, andk, are the charge, mass, concen-

tration, bulk velocity, and kinetic tensor, respectivelf,spe-  3.1. Application of Biot-Savart law

ciesa, g is the gravitational acceleration (included here for Solved forB in terms ofJ, Ampeére’s law (1) yields the
exactness but, as far as phenomena in the terrestrial neagneBiot-Savart integral

sphere are concerned, mostly not important in practice), an

(0J/6t)..,y, represents the sum of all collision effects. ExceptBr, ¢) = l/d?’r/.](r/ t) x r-r (8)

for being non-relativistic, equation (4) is exact, with np-a ’ c ’ v —r/|3

proximations. which, by a simple integration by parts, can be rewritternin t
The essential point demonstrated in [9] is that while equaform

tion (4) always holdsn principle, its left-hand side becomes 1 V' x I(r', 1)

negligibly small in comparison to the individual terms oeth B(r,t) = — /d3r’ 7/’ 9)

right-hand side, except when variations on space and time ¢ v —1|

scales at and below those of electron plasma oscillati@imiar (v’ = gradient with respect to the coordinate veatQr Dif-
volved; on all larger scales the equation is tiupracticenot  ferentiating with respect to time gives

usable for determiningJ/d¢. When small-scale variations are , ,
important, they can be averaged over, and equation (4) can HEB(r, t) _ l/d?’r/ 0J(r', 1) « =T (10)
ot c ot v —r/|3
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or equivalently

0B(r,t) 1 3
En —/dr

C
and the idea is to calculai@B/d¢ by using (5) foroJ /ot
within the integrals. (It is taken for granted that the tinagiv

V' x 03(x',t)/0t
r—r/|

(11)

ations of interest here occur on scales long compared to Iigfh

travel times; hence the neglect of the displacement cureemt
in Ampere’s law and consequently of time retardation inithe
tegrals.)

SubstitutingdJ /9t from (5) and invoking Faraday’s law (2)
to evaluatev x E transforms the Biot-Savart integral (11) for

0B/0t into

OB(r,t) _ —/d3r’ OB(x',t)/0t + V' x cE*(r',t) — A
ot 4AS2 e — 1|

A = (V'ne/ne) x ¢(E —E¥) (12)

where

Ae = c/w, =5 km (1cm—3/n,)1/? (13)

is the electron inertial length (also known as the colliféss
skin depth). The difficulty is now apparer@B /dt cannot be
calculated simply by evaluating the integral in (12) beegthe
integrand containdB/dt itself as one of the terms. Nor can
this term be considered as a small correction: the order gi ma
nitude of the integral ove¥yB /0t on the right-hand side, com-
pared to the ternrdB /ot on the left-hand side, i©(L/).)?,

317

for 9B/0t can be obtained directly from the curl of the time
derivative of Ampeére’s law (1), with the use of (5) and (2).
Equation (14) expressé&® /0t as a straightforward integral
(one that no longer contairdB /9t itself in the integrand). It
differs from (12) also in the form of the kernel (Green'’s func
tion): the Coulomb potential in (12) has been replaced ir) (14
by a potential of the Debye form (but note that the shielding
istance here is the electron inertial length not the Debye
length).
Changing the variable of integration from to s with
r' =r + A\es and writing the integral oves in spherical co-
ordinates finally gives

OB(r,1) = / @/ sdse *V x cE*(r + Aes, t). (17)
Bt 4.7T 0

In the limit A, < £ this reduces to

OB(r,?) ~ =V x cE*(r,t) (18)
ot

which is equivalent to

%—]?Z—CVXE with 0 =E — E* (19)

But this is precisely the method of calculating the time avol
tion of B arrived at in [9, 10]: on length scales )\, and time
scales> 1/w,, the electric field is determined by plasma dy-
namics via the generalized Ohm’s law (neglecting &3¢ 0t
term), and the evolution of the magnetic field is then determ-
ined, via Faraday'’s law, directly by the curl of the elecfiidd.

where is the spatial scale of the system. Equation (12) must here is no longer any direct reference to the electric atrre

in fact be viewed as an integral equation #8 /0t, not just a
plain integral.

3.2. Large-scale limit
The integral equation (12) can be solved explicitly for

density, which is determined — and this is now the only role
of Ampere’s law — by the curl of the magnetic field.

4. Conclusion

0B/t if ). varies only on a spatial scale large compared to The presence of a large concentration of free charged

itself (A < £); to lowest order im./L,
/ / * /
BB(r’t)——/d3r’eXp{ |}V ><02E (r',t)
A “|r — 1’|
(14)

—|r—r

Ae

ot

particles (particularly electrons) in a plasma means tmat a
electric field can, by accelerating positive and negatiwgbs
in opposite directions, very quickly and efficiently chariige
electric current density — unless other forces (e.g. magnet
forces or pressure gradients) counteract this differbatieel-
eration. What constitutes a “large” concentration in tloistext

(the termA in (12) has been neglected, as it can be shown tds defined precisely by the valueof implied by the condition

be of order(\./L£)? in comparison to the others). The solution
(14) is most readily derived by transforming the integralaq
tion (12) back into a differential form by making use of thetfa
that the Green'’s functioth = 1/|r — 1’| is a solution of

V) = —4nd (r — 1) (15)

and then placing all théB /ot terms in the consequent dif-
ferential equation on its left-hand side, with the resudtt tthe
Green’s function is now a solution of

v _

2
e

instead of (15); if\. can be treated (locally at least) as a con-

V) — 4 (r —1')

(16)

Ae < L: when this condition is satisfied, a very large current
density can result from even a small differential accelenat
of positive and negative particles, with the result thatetee-
tric field must be determined largely by the requirement that
the differential acceleration remain sufficiently closezto.
This is the basic reason why the time evolution of the current
cannot be specified independently of and logically prioht® t
time evolution of the magnetic field: if the change of currient
assumed to be specified somehow, then Ampere’s law implies
a change of the magnetic field, which by Faraday’s law must
be accompanied by a (non-curl-free) electric field, which im
plies in turn a change of current, much larger than (and hence
inconsistent with) that assumed initially.

Here | have demonstrated this inconsistency by an explicit

stant, the solution of (16) is the well-known Debye or Yukawaca|culation: in order to obtain the time derivative of thegna

potential. Alternatively, the differential form of the eafion

netic field, insert the changing current density, deducethfr
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the forces acting on all the charged patrticles, into the time
derivative of the Biot-Savart integral. Depending on hove on
handles the mathematics, there are two possible resufterEi

if the integral is simply evaluated as given, one finds that th
time evolution of the magnetic field cannot be calculated at
all unless it is known already (and known indeed to a much
higher precisiong O(A./£)?, than that of the result to be
calculated). Or else, if the appropriate mathematical paak
tions are carried out, ongn obtain the time evolution of the
magnetic field, but (one finds) it is actually being calculate
from the changes in the balance (described by the genetalize
Ohm’s law) between the electric field and the plasma flows and
stresses: even though the Biot-Savart integral was tak#éreas
starting point, the final formula arrived at for the time deri
ative of the magnetic field gives it directly as minus the curl
of the electric field derived from the generalized Ohm’s law,
not as the integrated magnetic effect of any specified varying
currents.
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